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Abstract 
A number of advanced engineering systems require structures that are stiff and strong, while 
being capable of efficiently damping vibrations. These conflicting requirements are typically 
addressed by connecting two components, one providing stiffness and strength and the other 
offering an energy loss mechanism. Combining these opposing functions in a single architected 
material (possibly hybrid) could result in significant weight savings. This research explores the 
design space of solid elastomeric truss lattice materials coated with metallic films, and aims at 
identifying the lattice architecture that optimizes the combination of stiffness, strength and 
vibration damping. 
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1. Introduction 
1.1 Metallic microlattices 
A metallic microlattice is a synthetic porous metallic material with a periodic architecture 
consisting of a network of interconnecting hollow struts [2-3]. In the least-dense microlattice 
sample reported, each strut is about 100 micrometers in diameter, with a wall ~100 
nanometers thick. The geometry of the lattice is depicted in Fig. 1.1. 
It was recently observed that metallic microlattices with relative densities below ~0.07% 
exhibit exceptionally high recovery from large strains (~50%) and unexpected damping 
properties [2-3]. In other words, when an ultra-light sample is compressed, this sample fully 
recovers returning to the initial shape with no residual strain, and in doing so, it defines a 
broad hysteresis cycle. This behavior is shown in the cyclic compression of a microlattice in Fig. 
1.2.  
 
 
Fig. 1.1 Schematic of the architecture of a hollow microlattice 
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This behavior has been largely attributed to local nodal fracture and elastic buckling. 
Conversely, if the relati
plastic cellular material and deforms by plastic yielding, hence not showing any shape recovery 
(see Fig. 1.3).  
 
Althou
energy divided by worked done), in absolute terms, the amount of energy dissipated and the 
stiffness are very small. Although both can be increased significantly by ad
designs, the recoverability (and the damping coefficient) would drop dramatically. Work is 
currently under way in the Valdevit’s group at UCI to identify optimal designs of single
metallic microlattices that embody good combinations of 
stiffness. 
This work investigates the possibility of achieving optimal combinations of stiffness, damping 
coefficient and dissipated energy through the hybridization of a metallic and an elastomeric 
lattice, rather than rely
                                          
Fig. 1.2 Graph strain
gh ultra
 
 
-low-density microlattices offer good damping properties (in terms of dissipated 
-stress of a microlattice (relative density 0.19%) under loading and unloading cycle (from [2]).
ve density is higher than 0.2%, the microlattice
ing on the ultralight hollow metallic lattice alone. 
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1.2 Viscoelastic materials 
Elastic materials exhibit an instantaneous dependence of stress and strain ( = ). Viscous 
materials (or viscous fluids) exhibit a relationship between stress and strain rate ( = ). 
Viscoelastic materials combine both aspects in a time-dependent constitutive behavior. 
Purely elastic materials do not dissipate energy when a load is applied and subsequently 
removed. However, a viscoelastic material does dissipate energy upon cyclic loading. 
Hysteresis is observed in the stress-strain curve, with the area of the loop being equal to the 
energy lost during the loading cycle. The mechanical loss coefficient, or damping, can be 
defined as the ratio of the dissipated energy to the stored strain energy at the end of the 
loading phase, that is, ψ=ΔU/U. 
 
Fig. 1.4 Sketch of the plot force-displacement of a viscoelastic material after loading and unloading 
A viscoelastic material under a sinusoidal load displays a characteristic behavior. When a 
viscoelastic bas is subjected to a sinusoidal strain and we measure the load as a function of 
time, the stress (load/area) is also sinusoidal at the same frequency, but with a phase lag δ. 
The tangent of this phase, tan (δ), is the loss coefficient, and for small damping can be linearly 
related to the damping coefficient, ψ, defined above. 
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Fig 1.5 Graph of the dynamic behavior of a viscoelastic material under a harmonic load
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2 Finite Elements Modeling of Viscoelastic Materials with 
ABAQUS 
For the sake of the current work, the objective of the simulations is to extract the effective loss 
factor coefficient and the young’s modulus of hybrid lattices. To ensure realistic modeling, the 
Finite Element package ABAQUS was tested against well-established analytical solutions for 
homogeneous and composite materials. Once validated, the modeling approach was adopted 
for the investigation of hybrid truss-based lattices. 
2.1 Modeling of homogeneous viscoelastic materials 
2.1.1 Defining the viscoelastic properties 
Viscoelastic materials can be defined in ABAQUS in time or frequency domain, depending on 
the chosen step. In other words, if we want to plot the evolution of a variable as a function of 
time, we will define the problem in the time domain (“Visco” step). Conversely, if we want to 
plot a variable vs. frequency, we will define frequency domain viscoelasticity (“Direct-solution, 
steady state” step). 
2.1.2 “Visco” step 
The “Visco” step is a quasi-static stress analysis used to analyze problems with time-dependent 
material response. The viscoelastic properties of the constituent material can be defined in 
two different ways: (i) by means of Prony series, (ii) through the results of a creep or a 
relaxation test. 
A simulation has been performed on a 10cm X 10cm body (see Fig. 2.1), defining the 
viscoelasticity of the constituent material with the following Prony series:  
G = 455,000 1 − 0.08 1 −  . + 0.03 1 −   (Pa) 
The time dependence of the Poisson ratio and the bulk modulus is ignored (ν=0.3 and 
K=985,833 Pa). The body has been meshed with plane stress square elements. The nodes on 
the bottom are constrained in y, and the node on the left corner on the bottom is constrained 
in x to eliminate free-body motion. The nodes on the top are coupled along y with a reference 
point, and this point is given an harmonic displacement in y according to the function: y = d 
sin(ω t) in mm, where d is the displacement amplitude, t is the time and ω the angular 
frequency. 
As a results of these boundary conditions, the reaction force, F, at this reference point will also 
have a sinusoidal shape, but with a delay: Δt=(T/2π)δ (as we chose a ω= 1 rad/s, it follows that 
Δt=δ). The Young’s modulus of the body can then be extracted as =   !" #! , where A is the area 
(for a plane stress simulation with unit thickness, A=b) and h is the vertical dimension of the 
body. The results are displayed in Fig. 2.2-2.3. 
10
 
                                           
Fig. 2.1 Sketch of the geometry of the model with its boundary co
Fig 2.2 Plot of the results, displacement (blue) and force (red) vs. time.
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Fig 2.3 Detail ofthe displacement (blue) and force (red) vs. time. 
Reading the values, it can be determined that tan(δ)=0.02 and E=1.1 MPa. 
These properties can be compared with analytical estimates. 
The viscoelasticity has been defined using a prony series, i.e.: 
G(t) = '( 1 − ) *+ 1 −  ,-+  
Using Fourier transforms, the expression for the time-dependent shear modulus can be 
written in the frequency domain as follows: 
G.(ω) = '( 01 − ) *++  + )
*+1+2321 + 1+232+ 4 
G5(ω) = '( ) *+1+31 + 1+232+  
For visco-elasticity, the same relation should hold with E, K, and G replaced by their complex 
counterparts, that is:  
∗ = 98'∗38 + '∗ 
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where the bulk modulus K is real. 
This can
 
Hence we have:
 
For ω=1 rad/s
These exact values are within a few percent from the numerical results, confirming that 
visco step can be used to obtain the values of the 
requires a lot of time to be solved and the results 
frequencies
 
This step operates in the
response of a system to harmonic 
and phase of the response of a system due to harmonic excitation at a given frequency or 
range of frequencies.
The viscoelasticity can be defined using 
relaxation test.
A simulation has been 
definition. A harmonic displacement with an amplitude of 1mm is applied in the y direction 
the reference node, with a frequency sweep between 1 and 10 Hz. 
With these boundary conditions
“Visco” analysis)
ratio
                                           
 of the imaginary part 
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,
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It can be seen that the theoretical values and the values obtained from the simulations match 
very 
calculation of viscoelastic properties of materials. Compared to the “Visco” step, the current 
model has the advantage that it is much faster, automatically provides results over a frequency 
range and does not require elaborate post
to adopt this approach for all subsequent calculations on more complex materials systems.  
In order to 
composite materials, two simple topologies for which analytical solutions are available are 
analyzed first: these are the Voigt topology (materials in parallel) and the Reuss topology 
(materials 
For each topology, t
G
a */
modulus E=2.1 GPa,
In a Voigt composite the lamina
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Ten different simulations have been performed at different volume fractions of the 
constituents (Vnickel=0-0.9), in order obtain the values of stiffness and damping coefficient as a 
function of volume fraction. 
The step used is the direct solution steady-state dynamic analysis, and the results are 
presented for an excitation frequency of 1Hz.  
Again, the domain is a two dimensional (plane stress) square of 10 cm x 10 cm. The nodes on 
the bottom are constrained in y, and the node on the left corner on the bottom is constrained 
in x. The nodes on the top are coupled in y with a reference point, which is displaced in y with 
a harmonic signal with amplitude of 1 mm.  
Consequently, the effective Young’s modulus of the composite will be  =  =!" #! , and the 
mechanical loss coefficient will be the ratio of the imaginary to the real part of the reaction 
force at the reference point. 
 
Fig. 2.7 Sketch of the Voigt model and its boundary conditions 
For the sake of model validation, the theoretical values for the stiffness and the damping are 
obtained by using the following well-known formulas: 
 
 = BC+.DEC+.DE + BF+DGH5F+DGH5 
IJKL = BC+.DE MN-OPQMR-PSTU IJKLC+.DEBF+DGH5 + BC+.DE MN-OPQMR-PSTU  
Where BC+.DE is the volume fraction of the viscoelastic material, BF+DGH5 is the volume fraction 
of the nickel, C+.DE and F+DGH5 are the Young’s moduli of the viscoelastic material and the 
nickel, respectively, and IJKLC+.DE is the damping coefficient of the viscoelastic material. 
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Plot of the damping of the
 Plot of the stiffness
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2.2.2
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Also in this case, ten different simulations have been performed in order obtain the variation 
of stiffness and damping with volume fraction of the constituents. The simulations span a 
nickel volume fraction range of 0 - 0.9. 
Again, the step used is the direct solution steady-state dynamic analysis (with a 01-0Hz 
frequency sweep), and the results are extracted and plotted at a frequency of 1Hz.  
As in sec. 2.2.1, the model consist in a two dimensional square of 10 cm x 10 cm (Fig. 2.10). 
The nodes on the bottom are constrained in y, and the nodes on the left side are constrained 
on x. The nodes on the right side are coupled on y, and the top nodes are coupled in y with a 
reference point. The harmonic displacement applied along the y direction at this reference 
point has an amplitude of 1 mm.  
Once again, the effective Young’s modulus of the composite can be calculated as  =  =!" #! , and 
the mechanical loss coefficient will be the ratio of the imaginary to the real part of the reaction 
force at the reference point. 
 
Fig. 2.10 Sketch of the Reuss model and its boundary conditions 
The theoretical values for the stiffness and the damping are obtained by using the following 
well-known formulas: 
 = 1VN-OPQMN-OPQ + VR-PSTUMR-PSTU 
IJKL = BC+.DEIJKLC+.DEBC+.DE5 + BF+DGH5 MN-OPQMR-PSTU 
The results are depicted in the figures below. The results of the simulations are plotted with 
dots, and the theoretical value is plotted with a line. 
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Fig. 2.12
 Plot of the damping of the Reuss model depending of the volume fraction of nickel, values at f=1 Hz
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We speculate that 
assuming that both the elastomer and the metal have a Poisson’s ratio equal 
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Fig. 2.15 Sketch of the model and its boundary conditions 
As in previous simulations, the effective Young’s modulus of the hybrid cylinder can be 
extracted as E = X Y!Z [! , and the mechanical loss coefficient will be the ratio of the imaginary to 
the real part of the reaction force at the reference point. 
This model is equivalent to a Voigt model, thus the theoretical values for the Young’s modulus 
and the damping is calculated with the following equations: 
 = BC+.DEC+.DE + BF+DGH5F+DGH5 
IJKL = BC+.DE MN-OPQMR-PSTU IJKLC+.DEBF+DGH5 + BC+.DE MN-OPQMR-PSTU  
Where BC+.DE = \2]\ 2 and BF+DGH5 = 1 − BC+.DE 
22
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To conclude, we can safely say that we know how to simulate composite models. Also, the 
simulations will be done with the direct solution steady state step, and the coating will be 
modeled with solid elements
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3 Lattice manufacturing approach 
All processing was completed at Rapidtech, the NSF-funded Center for Rapid Technologies 
housed at UCI. The viscoelastic core is obtained by casting. The elastomer is introduced in a 
mold,which is closed afterwards, squeezing the excess elastomer through escape holes. The 
curing process lasts 24 hours and is performed under a pressure of 2 bar. The mold is 
fabricated by 3D printing, using a PolyjetObjet 30 machine. The minimum diameter of the 
lattice to ensure sufficient cast quality is ~2 mm.  
 
Fig. 3.1 Picture of the casting mold and the cast sample 
 
In the original proposal, we intended to coat the elastomeric lattices with Nickel via 
electroplating, resulting in the microstructure schematically represented in Fig. 3.2. This step 
turned out to be more challenging than anticipated and will be carried out in subsequent work.  
 
Fig. 3.2 Rendering of a hybrid lattice 
24
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4 Dynamic Mechanical Analysis (DMA) of the base elastomers 
4.1 Test set up 
The dynamic mechanical analyzer (DMA) is a piece of equipment that allows us extraction of 
the complex moduli (axial or shear) of a viscoelastic material at different frequencies. A 
sinusoidal strain is applied at the desired frequency and the stress on the material is measured 
as a function of time. The ratio of the amplitudes of the stress and strain signals provides the 
magnitude of the modulus, whereas the phase delay between the signals provides the 
damping coefficient (tanδ).  
 
Fig. 4.1 Picture of the DMA machine 
For the scope of this work, the shear mode was adopted. Throughout the analysis, we 
assumed that the Poisson ratio of all tested elastomers is 0.5 (incompressible material). Three 
different elastomers have been tested, a PDMS-based silicone with a shore hardness of 24A 
(the technical name is bjb 5024), and two rubber urethanes, one with shore hardness 20A 
(reoflex 20) and another with shore hardness 60A (reoflex 60). 
The samples are prismatic, with dimensions 1x0.5x0.25 inches. The samples were casted with a 
closed mold in order to make sure that the faces are parallel, and these are glued on two 
sheets of aluminum. All samples are tested under sinusoidal strain with amplitude of 0.066 
mm. The strain was applied at different input frequencies (0.1, 0.2, 0.5, 1, 2, 5, 10, 20, 50, 100 
Hz). 
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The plots above present the results of the mechanical characterization of all the different 
elastomers considered in this work. It can be seen that the rubber u
best damping (between 0.15 and 0.3) and the reoflex 60 has the biggest shear modulus 
(between 0.5 and 0.9 MPa) and acceptable damping (between 0.1 and 0.2). Conversely, the 
silicone offers poor damping and stiffness. Based on thi
was chosen as the material for all subsequent analyses and characterization efforts. 
 
 
                                           
4.2 Test results
Fig. 4.2 Plot of the real part of the Shear modulus vs. frequency for the different elastomers
Fig. 4.3 Plot of the damping coefficient vs. frequency for the different elastomers
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5 Finite Elements modeling of the hybrid lattice 
5.1 Viscoelastic elastomer / elastic metal 
The unit cell of the lattice has been assembled with Solidworks. The member length, L, varied 
between 20 and 40 mm, the internal diameter, D, between 2 and 4 mm and the thickness of 
the coating, t, between 0.1 and 0.5 mm. For all lattices, the angle, θ, is fixed at 60
o
. These 
values are chosen based on realistic manufacturing restrictions, as the minimum diameter that 
can be accurately cast is 2 mm. 
The unit cell geometry is imported in the commercial Finite Element package ABAQUS. Both 
coating and core are meshed with solid elements (Fig. 5.1). The viscoelastic material is defined 
in the frequency domain, using the results of the DMA test described in Sec. 4.2. The 
simulations have been performed with both rubber urethanes discussed in sec. 4.1 (hardness 
shore 60A and 20A, respectively). All the results below correspond to the model with rubber 
urethane 60A, which offers the best combination of damping and stiffness.  
All simulations used the “direct solution steady-state” approach (step), for frequencies in the 
range 0-1 Hz. The following boundary conditions were adopted: (i) The nodes on the bottom 
are constrained in x, y and z. (ii) The nodes on the top are constrained in x and z and coupled in 
y to a reference node. This reference node is prescribed a y-displacement amplitude of 0.1 
mm.  
 
 
Fig 5.1 Picture of the ABAQUS mesh of a lattice unit cell 
28
 
The analysis provides the complex reaction forces and complex displacements in the model. 
The effective Young’s modulus of the lattice is calculated as 
reaction forc
displacement amplitude (0.1mm in this case); and h is the height of the unit cell (
The density of the lattice is calculated as 
viscoelastic material; 
D the diameter and L the length.
The results of the simulations are presented in Fig. 
a Voigt model (metal/elastomer loaded in parallel). In other words, it is possible to increase 
the damping of a lattice by modifying the relative density of the constituents without 
dramatically affecting the stiffness
even increasing the density, the damping can be increased ten
reduction.
                                           
 
e at the top reference point; A is the area of the unit cell (
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Fig 5.2 
 is the density of the metallic material; t the thickness of the coating; 
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The results of these simulations were compared with the predictions of a theoretical model. 
The analytical model assumes four cylinders not physically joined together, each of which with 
a v
lattice is calculated as:
calculated with the following formula: B_
The model predictions for the effective Young’s modulus and damping coefficient of the lattice 
are plotted in Fig. 5.4 alongsi
represent analytical predictions, whereas the markers express numerical predictions. Both 
theoretical and numerical models use a member length of 20mm.
iscoelastic core and a metallic coating. In this model the effective Young’s modulus of the 
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The va
along with the results of the simulations of the actual model. In the following chart it can be 
seen the theoretical values for the different densities (plotted with li
simulations for the different densities (plotted with dots). Both theoretical and simulation 
models have a length of 20mm.
                                           
lues of the Young’s modulus and damping of the theoretical model are plotted in a chart 
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Fig 5.3 Plot of the theoretical model
 
 
nes) and the results of the 
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Since the theoretical model is too inaccurate to predict the mechanical loss coefficient, we 
have looked for an empirical formula to relate the damping coefficient to the specific Young’s 
modulus of the lattice. 
 
Fig. 5.5 Plot of the damping coefficient
Fig 5.4 Comparison of the results of the simulations (dots) with the theoretical values (lines)
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 (tan) vs. Young’s modulus/density from FE simulations with its regression curve
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After a statistical analysis, residual study and an analysis of the ANOVA table, we have 
converged to the following formula: 
This
design space, i.e. 
The analytical model (augmented by the empirical formula to relate the damping coefficient 
the specific Young’s modulus) can be used to investigate the lattice geometry that 
simultaneously maximizes stiffness and damping. For a flat plate, the objective function is M
lnm
D goes from 2mm (t
reasons). 
The optimal geometry identified by this algorithm has a member length, L=40 mm, a diameter, 
D=4.3 mm and a thickness t=0.1 mm. This lattice has a density 
modulus E=789.62 MPa (15% smaller than the numerical value), and a damping 0.7
 
Fig. 5.6 is an Ashby chart for the selection of stiff and lossy plates, comparing the values of all 
the simulated 
same line have the same value of
portion of the chart. This clearly shows that the simple analytical optimi
a lattice that performs better than any other design under investigation. 
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The simulations presented in sec. 5.1 ignore the damping coefficient of the material (i.e., 
tanδ
(see Fig. 
coefficient for the metal (tanδ
observed that the plots of Young’s modulus vs. damping have a vertical asymptote around 
tanδ=10
asymptote.
The results of these simulations have also been compared with the theoretical model. The 
formulas for stiffness and density are the same 
damping is sli
metal=0). As the resulting damping coefficient of the hybrid lattices are remarkably small 
5
-4
; if the damping of the metal is not consid
5.2
.6), the same calculation have been repeated with a realis
 
ghtly different: 
 Viscoelastic elastomer / viscoelastic metal
Fig. 5.6 Ashby’s chart to maximize the energy absorption with the results of all simulations
 hybrid lattices for combined stiffness and damping
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Once again, it can be seen that the theoretical model cannot be u
the actual model, since there is a big discrepancy. The Young’s modulus of the model is the 
most a 20% smaller than the Young’s modulus of the theoretical model, an error that could be 
acceptable; however, the damping of the a
theoretical model. From these results I can conclude that the welding point has a big effect on 
the damping and the point doesn’t have a lot of impact on the Young’s modulus of the actual 
model.
                                           
 
Fig 5.8 Compar
Fig 5.7 Plot of the results of the model with different geometries
ison of the results of the simulations (dots) with the theoretical values (lines)
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We have looked again for a formula to relate the damping with the 
theoretical Young’s modulus and the density.
After a statistical analysis we have extracted the following formula: 
0.000215
but it subjected to the 
fraction of metal V
The optimal value has been found wit
found with this calculation has a length L=40 mm, a di
mm. This lattice has a density 
smaller than the numerical value), and a damping 
numerical value). 
The following figure is an Ashby 
again, the blue line with slope 
will populate the top

Fig. 5.9 Plot of the damping v. theoretical Young’s modulus over density with its regression curve
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Once again, we verify that the simple analytical optimization procedure is able to identify 
designs that are significantly better than those systematically analyzed. 
 
 
 
                                           
Fig. 5.10 Figure of merit for stiff dampers a
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6 Conclusions and future work 
6.1 Conclusions 
Some key conclusions can be extracted from this work. 
• Finite elements (FE) analysis, with the direct solution steady-state algorithm, is an 
efficient procedure for the extraction of effective viscoelastic properties of single and 
multi-phase architected materials where damping is provided by energy loss 
mechanisms in at least one phase. Time domain steps, which are useful when studying 
relaxation of a model, are less suitable for this investigation. 
• Metal/elastomer microlattices can be designed for optimal combinations of stiffness 
and damping coefficient. Quasi-analytical models can be used for optimization 
(perhaps with the adoption of empirical expressions for the effective damping 
coefficient).  
• If a metal-coated elastomeric lattice design is chosen (as in this work), the damping 
coefficient remains fairly small. The reason is that damping is largely localized at the 
nodes, with most of the elastomer in the bars subject to negligible strain history. This 
indicates that different designs are needed to achieve higher damping without 
sacrificing stiffness.  
• For the lattice design under consideration, since the junction absorbs the major part of 
the dissipated energy, effective damping is maximized with the minimum value of the 
bar aspect ratio (L/D = 5), as this maximizes the size of the nodes. However, increasing 
L/D results in a density increase. The implication is that designs that are optimized for M/n` IJKL will need to choose an optimal aspect ratio that compromisesdamping and 
density.  
 
6.2 Future work 
To finalize this report, I want to point out some work and ideas that could be pursued in the 
future. 
One important thing is to build hybrid lattices and test them to verify the model. 
Unfortunately, hybrid lattice couldn’t be built because we weren’t able to deposit high-quality 
coatingsby electroplating: once the viscoelastic core was painted and introduced in the 
container, the thermal expansion of the elastomer from 40 to 90 degree (the plating 
temperature) induces fracture of the paint and hence uneven coating. This problem can be 
addressed by switching to an electroless deposition approach, which has been proved 
successful in a number of architected materials designs.  
Finally, different hybrid lattice topologies can be studied. One possibility would be to use 
hollow metallic lattices coated with a thin layer of elastomer. In this case the elastomer could 
be vaporized coating the metallic microlattice. One added advantage is that multiple layers can 
38
 
be manufactured at once. Additionally, the model will 
dominated like the model we have studied), resulting in lower stiffness and higher damping. 
 
 
 
                                           
Fig.6.1 Rendering of a hollow metal/elastomer hybrid microlattice (elastomer vaporized onto the metal).
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be bending dominated (not stretching 
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Tables and results 
Numerical values used to plot the figures 2.5 and 2.6 
Freq. 
[hz] F’ [N] F’’ [N] E [Pa] tand 
Theoretical 
G’ [Pa] 
Theoretical 
G’’ [Pa] 
Theoretical 
E’ [Pa] 
Theoretical 
E’’ [Pa] 
Theoretical 
tand Errortand ErrorE 
0.10     1098.2 17.6972 1098200 0.0161 417761.8 7683.361 1098204 17697.21 0.016115 0.00% 0.00% 
0.20 1102.91 21.6293 1102910 0.0196 419798.9 9401.876 1102914 21629.32 0.019611 0.00% 0.00% 
0.30 1107.36 27.1758 1107360 0.0245 421720.8 11826.33 1107368 27175.79 0.024541 0.00% 0.00% 
0.40 1112.5 32.22 1112500 0.0290 423949.2 14039.99 1112523 32219.92 0.028961 0.00% 0.00% 
0.51 1118.1 36.2412 1118100 0.0324 426378 15815.02 1118129 36241.12 0.032412 0.00% 0.00% 
0.61 1123.81 39.1564 1123810 0.0348 428865.2 17112.32 1123853 39156.23 0.034841 0.00% 0.00% 
0.71 1129.37 41.0589 1129370 0.0364 431295.2 17969.54 1129429 41058.66 0.036353 0.01% 0.01% 
0.81 1134.61 42.1119 1134610 0.0371 433590.2 18455.35 1134681 42111.58 0.037113 0.01% 0.01% 
0.91 1139.42 42.4927 1139420 0.0373 435706.3 18645.47 1139511 42492.31 0.03729 0.01% 0.01% 
1.01 1143.76 42.3649 1143760 0.0370 437625.2 18610.39 1143881 42364.44 0.037036 0.01% 0.01% 
1.11 1147.65 41.8669 1147650 0.0365 439345.7 18410.21 1147790 41866.36 0.036476 0.01% 0.01% 
1.21 1151.09 41.1096 1151090 0.0357 440877.3 18093.45 1151264 41108.97 0.035708 0.02% 0.02% 
1.31 1154.14 40.1787 1154140 0.0348 442234.8 17697.79 1154337 40177.96 0.034806 0.02% 0.02% 
1.41 1156.82 39.1386 1156820 0.0338 443435.2 17251.76 1157051 39137.79 0.033825 0.02% 0.02% 
1.52 1159.18 38.0369 1159180 0.0328 444496.2 16776.51 1159446 38035.95 0.032805 0.03% 0.02% 
1.62 1161.26 36.9078 1161260 0.0318 445434.2 16287.43 1161561 36906.78 0.031773 0.03% 0.03% 
1.72 1163.09 35.7758 1163090 0.0308 446264.7 15795.49 1163432 35774.66 0.030749 0.03% 0.03% 
1.82 1164.71 34.6578 1164710 0.0298 447001.2 15308.42 1165089 34656.56 0.029746 0.04% 0.03% 
1.92 1166.14 33.5653 1166140 0.0288 447655.8 14831.5 1166561 33563.99 0.028772 0.04% 0.04% 
2.02 1167.4 32.5059 1167400 0.0278 448239 14368.21 1167872 32504.46 0.027832 0.04% 0.04% 
2.12 1168.52 31.4841 1168520 0.0269 448759.9 13920.75 1169042 31482.6 0.02693 0.05% 0.04% 
2.22 1169.52 30.5026 1169520 0.0261 449226.4 13490.38 1170089 30500.98 0.026067 0.05% 0.05% 
2.32 1170.41 29.5624 1170410 0.0253 449645.4 13077.69 1171029 29560.67 0.025243 0.06% 0.05% 
2.42 1171.2 28.6636 1171200 0.0245 450022.6 12682.81 1171875 28661.75 0.024458 0.06% 0.06% 
2.53 1171.9 27.8055 1171900 0.0237 450363.2 12305.51 1172638 27803.57 0.02371 0.07% 0.06% 
2.63 1172.53 26.987 1172530 0.0230 450671.4 11945.38 1173328 26985.01 0.022999 0.08% 0.07% 
2.73 1173.1 26.2068 1173100 0.0223 450951.2 11601.84 1173955 26204.67 0.022322 0.08% 0.07% 
2.83 1173.6 25.4631 1173600 0.0217 451205.6 11274.23 1174525 25460.91 0.021678 0.09% 0.08% 
2.93 1174.06 24.7544 1174060 0.0211 451437.6 10961.83 1175044 24752.05 0.021065 0.09% 0.08% 
3.03 1174.46 24.0788 1174460 0.0205 451649.7 10663.9 1175519 24076.35 0.020481 0.10% 0.09% 
3.13 1174.82 23.4346 1174820 0.0199 451843.9 10379.71 1175953 23432.06 0.019926 0.11% 0.10% 
3.23 1175.15 22.8201 1175150 0.0194 452022.2 10108.53 1176352 22817.49 0.019397 0.11% 0.10% 
3.33 1175.44 22.2337 1175440 0.0189 452186.2 9849.647 1176719 22231 0.018892 0.12% 0.11% 
3.43 1175.7 21.6739 1175700 0.0184 452337.4 9602.388 1177057 21671.01 0.018411 0.13% 0.12% 
3.54 1175.93 21.139 1175930 0.0180 452477 9366.101 1177369 21136.03 0.017952 0.14% 0.12% 
3.64 1176.13 20.6277 1176130 0.0175 452606.1 9140.171 1177657 20624.63 0.017513 0.14% 0.13% 
3.74 1176.31 20.1386 1176310 0.0171 452725.8 8924.014 1177925 20135.47 0.017094 0.15% 0.14% 
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3.84 1176.47 19.6705 1176470 0.0167 452836.9 8717.08 1178173 19667.28 0.016693 0.16% 0.14% 
3.94 1176.61 19.2222 1176610 0.0163 452940.2 8518.85 1178404 19218.88 0.016309 0.17% 0.15% 
4.04 1176.74 18.7926 1176740 0.0160 453036.5 8328.84 1178619 18789.16 0.015942 0.18% 0.16% 
4.14 1176.84 18.3806 1176840 0.0156 453126.2 8146.591 1178819 18377.06 0.015589 0.19% 0.17% 
4.24 1176.93 17.9853 1176930 0.0153 453210 7971.677 1179007 17981.61 0.015251 0.20% 0.18% 
4.34 1177.01 17.6057 1177010 0.0150 453288.5 7803.697 1179182 17601.89 0.014927 0.21% 0.18% 
4.44 1177.07 17.241 1177070 0.0146 453361.9 7642.275 1179346 17237.05 0.014616 0.22% 0.19% 
4.55 1177.12 16.8903 1177120 0.0143 453430.8 7487.061 1179500 16886.29 0.014316 0.23% 0.20% 
4.65 1177.15 16.553 1177150 0.0141 453495.5 7337.723 1179644 16548.85 0.014029 0.24% 0.21% 
4.75 1177.18 16.2283 1177180 0.0138 453556.3 7193.955 1179780 16224.03 0.013752 0.25% 0.22% 
4.85 1177.19 15.9155 1177190 0.0135 453613.6 7055.468 1179908 15911.18 0.013485 0.26% 0.23% 
4.95 1177.2 15.6141 1177200 0.0133 453667.6 6921.991 1180028 15609.68 0.013228 0.27% 0.24% 
5.05 1177.2 15.3235 1177200 0.0130 453718.5 6793.257 1180142 15318.92 0.012981 0.28% 0.25% 
5.15 1177.18 15.0431 1177180 0.0128 453766.6 6669.055 1180249 15038.42 0.012742 0.29% 0.26% 
5.25 1177.16 14.7725 1177160 0.0125 453812 6549.147 1180350 14767.64 0.012511 0.30% 0.27% 
5.35 1177.13 14.5111 1177130 0.0123 453855 6433.325 1180446 14506.11 0.012289 0.32% 0.28% 
5.45 1177.1 14.2585 1177100 0.0121 453895.8 6321.391 1180537 14253.38 0.012074 0.33% 0.29% 
5.56 1177.06 14.0142 1177060 0.0119 453934.4 6213.16 1180624 14009.02 0.011866 0.34% 0.30% 
5.66 1177.01 13.778 1177010 0.0117 453971 6108.459 1180705 13772.65 0.011665 0.35% 0.31% 
5.76 1176.95 13.5493 1176950 0.0115 454005.8 6007.122 1180783 13543.9 0.01147 0.37% 0.32% 
5.86 1176.89 13.328 1176890 0.0113 454038.9 5908.997 1180857 13322.4 0.011282 0.38% 0.34% 
5.96 1176.82 13.1135 1176820 0.0111 454070.4 5813.938 1180927 13107.84 0.0111 0.39% 0.35% 
6.06 1176.74 12.9057 1176740 0.0110 454100.4 5721.807 1180994 12899.9 0.010923 0.41% 0.36% 
6.16 1176.66 12.7043 1176660 0.0108 454128.9 5632.475 1181058 12698.29 0.010752 0.42% 0.37% 
6.26 1176.58 12.5088 1176580 0.0106 454156.2 5545.82 1181118 12502.73 0.010586 0.43% 0.38% 
6.36 1176.48 12.3192 1176480 0.0105 454182.1 5461.728 1181176 12312.96 0.010424 0.45% 0.40% 
6.46 1176.39 12.1351 1176390 0.0103 454206.9 5380.088 1181232 12128.74 0.010268 0.46% 0.41% 
6.57 1176.29 11.9563 1176290 0.0102 454230.6 5300.798 1181285 11949.82 0.010116 0.48% 0.42% 
6.67 1176.18 11.7826 1176180 0.0100 454253.3 5223.761 1181335 11776 0.009968 0.49% 0.44% 
6.77 1176.07 11.6138 1176070 0.0099 454275 5148.884 1181383 11607.06 0.009825 0.51% 0.45% 
6.87 1175.96 11.4497 1175960 0.0097 454295.8 5076.079 1181430 11442.79 0.009686 0.53% 0.46% 
6.97 1175.84 11.2901 1175840 0.0096 454315.6 5005.263 1181474 11283.03 0.00955 0.54% 0.48% 
7.07 1175.71 11.1348 1175710 0.0095 454334.7 4936.359 1181517 11127.58 0.009418 0.56% 0.49% 
7.17 1175.58 10.9837 1175580 0.0093 454353 4869.29 1181557 10976.27 0.00929 0.58% 0.51% 
7.27 1175.45 10.8365 1175450 0.0092 454370.5 4803.986 1181597 10828.96 0.009165 0.59% 0.52% 
7.37 1175.32 10.6932 1175320 0.0091 454387.4 4740.38 1181634 10685.47 0.009043 0.61% 0.53% 
7.47 1175.17 10.5535 1175170 0.0090 454403.5 4678.408 1181670 10545.68 0.008924 0.63% 0.55% 
7.58 1175.03 10.4174 1175030 0.0089 454419.1 4618.008 1181705 10409.44 0.008809 0.65% 0.56% 
7.68 1174.88 10.2848 1174880 0.0088 454434 4559.123 1181738 10276.61 0.008696 0.66% 0.58% 
7.78 1174.73 10.1554 1174730 0.0086 454448.4 4501.696 1181770 10147.08 0.008586 0.68% 0.60% 
7.88 1174.57 10.0292 1174570 0.0085 454462.3 4445.677 1181801 10020.73 0.008479 0.70% 0.61% 
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7.98 1174.41 9.90613 1174410 0.0084 454475.6 4391.013 1181831 9897.442 0.008375 0.72% 0.63% 
8.08 1174.25 9.78597 1174250 0.0083 454488.4 4337.658 1181860 9777.106 0.008273 0.74% 0.64% 
8.18 1174.08 9.66866 1174080 0.0082 454500.8 4285.566 1181887 9659.62 0.008173 0.76% 0.66% 
8.28 1173.91 9.55411 1173910 0.0081 454512.8 4234.693 1181914 9544.886 0.008076 0.78% 0.68% 
8.38 1173.74 9.44222 1173740 0.0080 454524.3 4184.997 1181939 9432.81 0.007981 0.80% 0.69% 
8.48 1173.56 9.3329 1173560 0.0080 454535.4 4136.439 1181964 9323.301 0.007888 0.82% 0.71% 
8.59 1173.38 9.22607 1173380 0.0079 454546.1 4088.98 1181988 9216.274 0.007797 0.84% 0.73% 
8.69 1173.19 9.12164 1173190 0.0078 454556.5 4042.585 1182011 9111.647 0.007709 0.86% 0.75% 
8.79 1173.01 9.01954 1173010 0.0077 454566.5 3997.217 1182034 9009.34 0.007622 0.88% 0.76% 
8.89 1172.81 8.91969 1172810 0.0076 454576.2 3952.845 1182055 8909.278 0.007537 0.91% 0.78% 
8.99 1172.62 8.82201 1172620 0.0075 454585.5 3909.435 1182076 8811.389 0.007454 0.93% 0.80% 
9.09 1172.42 8.72644 1172420 0.0074 454594.6 3866.957 1182096 8715.603 0.007373 0.95% 0.82% 
9.19 1172.22 8.63291 1172220 0.0074 454603.4 3825.383 1182116 8621.856 0.007294 0.97% 0.84% 
9.29 1172.01 8.54137 1172010 0.0073 454611.9 3784.683 1182135 8530.082 0.007216 1.00% 0.86% 
9.39 1171.81 8.45174 1171810 0.0072 454620.1 3744.831 1182153 8440.221 0.00714 1.02% 0.87% 
9.49 1171.59 8.36397 1171590 0.0071 454628 3705.8 1182171 8352.214 0.007065 1.05% 0.90% 
9.60 1171.38 8.278 1171380 0.0071 454635.7 3667.567 1182188 8266.005 0.006992 1.07% 0.91% 
9.70 1171.16 8.19378 1171160 0.0070 454643.2 3630.106 1182205 8181.541 0.006921 1.09% 0.93% 
9.80 1170.94 8.11127 1170940 0.0069 454650.5 3593.396 1182221 8098.768 0.00685 1.12% 0.95% 
9.90 1170.71 8.0304 1170710 0.0069 454657.5 3557.413 1182237 8017.638 0.006782 1.15% 0.97% 
10.00 1170.49 7.95113 1170490 0.0068 454664.3 3522.137 1182252 7938.103 0.006714 1.17% 0.99% 
 
Numerical values used to plot the figures 2.8 and 2.9 
Vvisco Vnickel d tand F’[N] E [Pa] Theoreticaltand 
Theoretical 
E [Pa] 
Error 
tand Error E 
1 0 2.08984 0.036491   1.265E+06 3.65E-02 1.26E+06     
0.9 0.1 0.0112913 0.000197 211140 2.11E+08 1.97E-04 2.11E+08 0.177% 0.001% 
0.8 0.2 0.0050335 8.79E-05 421013 4.21E+08 8.77E-05 4.21E+08 0.178% 0.000% 
0.7 0.3 0.00293918 5.13E-05 630886 6.31E+08 5.12E-05 6.31E+08 0.179% 0.000% 
0.6 0.4 0.00189044 3.3E-05 840760 840760000 3.29E-05 8.41E+08 0.180% 0.000% 
0.5 0.5 0.00126068 2.2E-05 1.05E+06 1.051E+09 2.20E-05 1.05E+09 0.181% 0.000% 
0.4 0.6 0.00084063 1.47E-05 1.26E+06 1.261E+09 1.46E-05 1.26E+09 0.182% 0.000% 
0.3 0.7 0.000540488 9.43E-06 1.47E+06 1.47E+09 9.42E-06 1.47E+09 0.183% 0.000% 
0.2 0.8 0.000315322 5.5E-06 1.68E+06 1.68E+09 5.49E-06 1.68E+09 0.184% 0.000% 
0.1 0.9 0.000140157 2.45E-06 1.89E+06 1.89E+09 2.44E-06 1.89E+09 0.186% 0.000% 
0 1 0 0   2.10E+09 0.00E+00 2.10E+09     
 
Numerical values used to plot the figures 2.11 and 2.12 
Vvisco Vnickel d tand F’[N] E [Pa] Theoreticaltand 
Theoretical 
E [Pa] 
Error 
tand Error E 
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1 0 2.12358 0.03708 1284.67 1284670 0.036495 1264674 2% 2% 
0.9 0.1 1.84584 0.032227 1574.51 1574510 0.036492 1405100 12% 12% 
0.8 0.2 1.84545 0.03222 1771.67 1771670 0.036489 1580605 12% 12% 
0.7 0.3 1.84518 0.032216 2024.69 2024690 0.036485 1806212 12% 12% 
0.6 0.4 1.84485 0.03221 2361.86 2361860 0.03648 2106945 12% 12% 
0.5 0.5 1.84441 0.032202 2833.7 2833700 0.036473 2527827 12% 12% 
0.4 0.6 1.84374 0.03219 3541.05 3541050 0.036462 3158833 12% 12% 
0.3 0.7 1.84265 0.032171 4718.93 4718930 0.036443 4209666 12% 12% 
0.2 0.8 1.84051 0.032134 7070.78 7070780 0.036407 6308176 12% 12% 
0.1 0.9 1.83424 0.032024 14094.9 14094900 0.036298 12578568 12% 12% 
0 1  0 0   2.1E+09 0 2.1E+09     
 
Numerical values used to plot the figures 2.13 and 2.14 
Vvisco Vnickel d tand F’[N] E [Pa] Theoreticaltand 
Theoretical 
E [Pa] 
Error 
tand Error E 
1 0 1.64602 0.028736 996.14 996140 0.027624 957804.6 4.03% 4.00% 
0.9 0.1 1.62575 0.028382 1106.65 1106650 0.027622 1064173 2.75% 3.99% 
0.8 0.2 1.62566 0.028381 1244.84 1244840 0.02762 1197119 2.75% 3.99% 
0.7 0.3 1.62556 0.028379 1422.51 1422510 0.027618 1368025 2.75% 3.98% 
0.6 0.4 1.62539 0.028376 1659.39 1659390 0.027615 1595856 2.76% 3.98% 
0.5 0.5 1.62512 0.028371 1990.95 1990950 0.027611 1914736 2.75% 3.98% 
0.4 0.6 1.6247 0.028364 2488.15 2488150 0.027605 2392874 2.75% 3.98% 
0.3 0.7 1.624 0.028352 3316.33 3316330 0.027594 3189288 2.75% 3.98% 
0.2 0.8 1.62264 0.028328 4970.82 4970820 0.027573 4780302 2.74% 3.99% 
0.1 0.9 1.6187 0.028259 9918.83 9918830 0.027511 9538890 2.72% 3.98% 
0 1   0   2.1E+09 0 2.1E+09     
 
Numerical values used to plot the figure 2.16 
    
solid 
    
 
t [mm] D [mm] 
Theoretical 
E[MPa] 
Theoretical 
tand F’ [N] F’’ [N] E’ [MPa] tand Error E 
Error 
damp 
0.003 0.194 124.5015 0.000476 40937 19.5059 130.3065 0.0004765 5% 0% 
0.004 0.192 165.0235 0.000352 54309.2 19.1737 172.8716 0.000353 5% 0% 
0.005 0.19 205.1255 0.000277 67418.9 18.9041 214.601 0.0002804 5% 1% 
0.01 0.18 399.337 0.000128 130722 19.212 416.101 0.000147 4% 15% 
0.03 0.14 1071.204 2.88E-05 349923 11.362 1113.84 3.247E-05 4% 13% 
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shell 
     
t [mm] D [mm] 
Theoretical 
E[MPa] 
Theoretical 
tand F’ [N] F’’ [N] E’ [MPa] tand Error E 
Error 
damp 
0.001 0.198 42.19779 0.001462 1341.86 2.29E+00 42.71273 0.001705 1% 17% 
0.003 0.194 124.5015 0.000476 3840.5 2.15E+00 122.2469 0.000561 2% 18% 
0.004 0.192 165.0235 0.000352 5028.46 2.10E+00 160.0609 0.000417 3% 19% 
0.005 0.19 205.1255 0.000277 6179.62 2.04E+00 196.7034 0.000331 4% 19% 
0.01 0.18 399.337 0.000128 11432.3 1.84E+00 363.9014 0.000161 9% 26% 
0.02 0.16 756.2663 5.33E-05 19706.3 1.56E+00 627.271 7.91E-05 17% 48% 
0.03 0.14 1071.204 2.88E-05 25308.5 1.34E+00 805.5946 5.29E-05 25% 84% 
 
Results of the shear tests 
Rubber urethane shore 20A 
Actual Frequency G* G' G" Tan Delta 
Hz (N/mm²) (N/mm²) (N/mm²)   
0.099747 0.15838 0.15561 0.029464 0.18934 
0.19949 0.17155 0.16865 0.031375 0.18603 
0.48876 0.18887 0.18585 0.03369 0.18128 
1.0011 0.20259 0.19963 0.03452 0.17292 
1.9995 0.21696 0.21368 0.037576 0.17585 
4.8876 0.23668 0.23229 0.045397 0.19544 
9.7752 0.25623 0.25083 0.052306 0.20853 
19.5503 0.27931 0.27224 0.062446 0.22938 
48.8759 0.31805 0.3077 0.080493 0.2616 
97.7517 0.35928 0.34548 0.098611 0.28543 
 
Rubber urethane shore 60A 
Actual Frequency G* G' G" Tan Delta 
Hz (N/mm²) (N/mm²) (N/mm²)   
0.099747 0.4934 0.49161 0.041943 0.085318 
0.19949 0.51328 0.51104 0.047938 0.093806 
0.48876 0.5443 0.5411 0.058968 0.10898 
1.0011 0.56946 0.56559 0.06628 0.11719 
1.9995 0.60071 0.59586 0.076146 0.12779 
4.8876 0.64682 0.63965 0.096092 0.15023 
9.7752 0.6888 0.67996 0.11003 0.16182 
19.5503 0.74041 0.72933 0.12758 0.17493 
48.8759 0.82399 0.80907 0.1561 0.19293 
97.7517 0.90673 0.88715 0.18739 0.21122 
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Silicone shore 24A 
Actual Frequency G* G' G" Tan Delta 
Hz (N/mm²) (N/mm²) (N/mm²)   
0.099747 0.24815 0.24806 0.006536 0.02635 
0.19949 0.25058 0.25046 0.007863 0.031394 
0.48876 0.25494 0.25475 0.009727 0.03818 
1.0011 0.25888 0.25863 0.011347 0.043874 
1.9995 0.26334 0.26303 0.012815 0.048721 
4.8876 0.27095 0.27051 0.015428 0.057032 
9.7752 0.27684 0.27629 0.017365 0.062849 
19.5503 0.28375 0.28304 0.020087 0.070971 
48.8759 0.29458 0.29364 0.023478 0.079956 
97.7517 0.32042 0.3175 0.043162 0.13595 
 
 
Numerical values used to plot the figures 5.2, 5.3, 5.5, and 5.6 
l= 20mm 
      ro= 0.6 g/cc 
      
        
t [mm] d [mm] F’ [N] F’’[N] E’ [MPa] tand E^(1/3)/r E^1/3* tand /r 
d ext 
[mm] 
error 
E 
error 
tand 
0.347 2 7364.4 0.026248 6377.757484 3.56E-06 30.83976832 0.000109917 2.694 8% 206% 
0.258 2.6 6368.88 0.036623 5515.611874 5.75E-06 29.26968506 0.000168308 3.116 12% 163% 
0.21 3 5653.17 0.062336 4895.788832 1.10E-05 28.06416748 0.000309456 3.42 14% 245% 
0.1497 3.6 4452.84 0.157877 3856.272559 3.54E-05 25.83754997 0.000916079 3.8994 18% 536% 
0.11548 4 3669.74 0.216642 3178.088065 5.90E-05 24.15400135 0.001425924 4.23096 20% 620% 
 
Theoretical E [MPa]  Theoreticaltand Theoretical E/r 
6962.090586 1.16559E-06 11577.86 
6271.129719 2.18689E-06 10388.81 
5710.349885 3.19746E-06 9437.87 
4718.971251 5.57164E-06 7775.162 
3957.912905 8.20123E-06 6502.295 
 
l= 20mm 
      
d= 0.5 g/cc 
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t [mm] d [mm] F’ [N] F’’[N] E’ [MPa] tand E^(1/3)/r 
E^1/3* tand 
/r 
d ext 
[mm] 
error 
E 
error 
tand 
0.289 2 5947.88 0.022675 5151.015179 3.8123E-06 34.36129519 0.000130996 2.578 9% 165% 
0.207 2.6 4970.7 0.041607 4304.752475 8.37037E-06 32.35938571 0.00027086 3.014 13% 202% 
0.164 3 4286.61 0.081835 3712.313156 1.90908E-05 30.67163931 0.000585545 3.328 15% 358% 
0.1096 3.6 3195.04 0.184851 2766.985806 5.78556E-05 27.69030754 0.00160204 3.8192 18% 646% 
0.07856 4 2446.14 0.258188 2118.419381 0.000105549 25.24645009 0.002664741 4.15712 19% 755% 
 
Theoretical E [MPa]  Theoreticaltand Theoretical E/r 
5634.843395 1.44014E-06 11211.24 
4943.882528 2.77398E-06 9834.501 
4383.102694 4.16568E-06 8682.346 
3391.72406 7.75193E-06 6689.793 
2630.665714 1.2339E-05 5171.248 
 
l= 20mm 
       ro= 0.4 g/cc 
       
         
t [mm] d [mm] F’ [N] F’’[N] E’ [MPa] tand E^(1/3)/r 
E^1/3* tand 
/r 
d ext 
[mm] 
error 
E 
error 
tand 
0.227 2 4505.87 0.020201 3902.197886 4.4832E-06 39.17474503 0.000175628 2.454 9% 138% 
0.155 2.6 3617.76 0.053331 3133.072065 1.47413E-05 36.28658606 0.000534912 2.91 13% 289% 
0.117 3 2982.08 0.105195 2582.557036 3.52757E-05 33.8548298 0.001194253 3.234 15% 490% 
0.0686 3.6 2019.79 0.178579 1749.18945 8.84146E-05 29.60587327 0.002617593 3.7372 15% 594% 
0.04065 4 1395.91 0.188267 1208.893521 0.00013487 26.11767171 0.003522502 4.0813 7% 442% 
 
Theoretical E 
[MPa]  Theoreticaltand 
Theoretical 
E/r 
4307.596204 1.88387E-06 10718.6 
3616.635337 3.79199E-06 8968.656 
3055.855503 5.97496E-06 7540.558 
2064.476869 1.27356E-05 5072.736 
1303.418523 2.49036E-05 3195.624 
 
l= 20mm 
ro= 0.3 g/cc 
        
          
t [mm] d [mm] F’ [N] F’’[N] E’ [MPa] tand E^(1/3)/r 
E^1/3* tand 
/r 
d ext 
[mm] 
error 
E 
error 
tand 
0.162 2 3089.96 0.021609 2675.983857 6.9932E-06 46.03067124 0.000321902 2.324 10% 157% 
0.101 2.6 2314.06 0.060872 2004.034746 2.63051E-05 41.51791168 0.001092131 2.802 12% 339% 
0.0682 3 1712.68 0.121132 1483.224389 7.07266E-05 37.40493794 0.002645523 3.1364 14% 570% 
0.0267 3.6 976.103 0.115293 845.3299947 0.000118116 30.7992969 0.003637878 3.6534 15% 231% 
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Theoretical E 
[MPa]  Theoreticaltand 
Theoretical 
E/r 
2980.349013 2.72282E-06 9881.433 
2289.388146 5.99036E-06 7539.106 
1728.608312 1.05626E-05 5669.654 
990.5790421 3.56638E-05 3226.67 
 
Optimal 
l= 40mm 
 
t 
[mm] 
d 
[mm] F’ [N] F’’[N] E’ [MPa] tand r[g/cc] E^(1/3)/r 
E^1/3* tand 
/r 
d ext 
[mm] 
error 
E 
error 
tand 
0.1 4.3 1862.54 0.137244 806.5035 7.36865E-05 0.1584 58.7643 0.00433 4.5 15% 
  
641% 
 
Theoretical E 
[MPa]  Theoreticaltand 
Theoretical 
E/r 
943.4516 
 
9.94676E-06 
 
5956.134 
 
 
 
Numerical values used to plot the figures 5.7, 5.8, 5.9, and 5.10 
l= 20mm 
     ro= 0.6 g/cc 
      
        
t [mm] d [mm] F’ [N] F’’[N] E’ [MPa] tand E^(1/3)/r E^1/3* tand /r 
d ext 
[mm] 
error 
E 
error 
tand 
0.347 2 7364.4 0.686766 6377.757484 9.32548E-05 30.83976832 0.002875958 2.694 8% 8% 
0.258 2.6 6368.88 0.6065 5515.611874 9.52287E-05 29.26968506 0.002787313 3.116 12% 7% 
0.21 3 5653.17 0.565143 4895.788832 9.99692E-05 28.06416748 0.002805553 3.42 14% 3% 
0.1497 3.6 4452.84 0.5482 3856.272559 0.000123112 25.83754997 0.003180924 3.8994 18% 17% 
0.11548 4 3669.74 0.535124 3178.088065 0.000145821 24.15400135 0.003522153 4.23096 20% 35% 
 
Theoretical E [MPa]  Theoreticaltand Theoretical E/r 
6962.090586 0.000101165 11577.86 
6271.129719 0.000102185 10388.81 
5710.349885 0.000103195 9437.87 
4718.971251 0.000105567 7775.162 
3957.912905 0.000108194 6502.295 
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l= 20mm 
      
d= 0.5 g/cc 
        
t [mm] d [mm] F’ [N] F’’[N] E’ [MPa] tand E^(1/3)/r 
E^1/3* tand 
/r 
d ext 
[mm] 
error 
E 
error 
tand 
0.289 2 5947.88 0.556613 5151.015179 9.35817E-05 34.36129519 0.000130996 2.578 9% 8% 
0.207 2.6 4970.7 0.48591 4304.752475 9.77548E-05 32.35938571 0.00027086 3.014 13% 5% 
0.164 3 4286.61 0.461841 3712.313156 0.00010774 30.67163931 0.000585545 3.328 15% 3% 
0.1096 3.6 3195.04 0.464051 2766.985806 0.000145241 27.69030754 0.00160204 3.8192 18% 35% 
0.07856 4 2446.14 0.46985 2118.419381 0.000192078 25.24645009 0.002664741 4.15712 19% 71% 
 
Theoretical E [MPa]  Theoreticaltand Theoretical E/r 
5634.843395 0.000101439 11211.24 
4943.882528 0.000102772 9834.501 
4383.102694 0.000104162 8682.346 
3391.72406 0.000107745 6689.793 
2630.665714 0.000112328 5171.248 
 
l= 20mm 
       ro= 0.4 g/cc 
       
         
t [mm] d [mm] F’ [N] F’’[N] E’ [MPa] tand E^(1/3)/r E^1/3* tand /r 
d ext 
[mm] 
error 
E 
error 
tand 
0.227 2 4505.87 0.425187 3902.197886 9.43629E-05 39.17474503 0.003696643 2.454 9% 7% 
0.155 2.6 3617.76 0.375878 3133.072065 0.000103898 36.28658606 0.003770103 2.91 13% 0% 
0.117 3 2982.08 0.368357 2582.557036 0.000123524 33.8548298 0.004181868 3.234 15% 17% 
0.0686 3.6 2019.79 0.354538 1749.18945 0.000175532 29.60587327 0.005196781 3.7372 15% 56% 
0.04065 4 1395.91 0.309545 1208.893521 0.000221751 26.11767171 0.00579163 4.0813 7% 78% 
 
Theoretical E 
[MPa]  Theoreticaltand 
Theoretical 
E/r 
4307.596204 0.000101882 10718.6 
3616.635337 0.000103789 8968.656 
3055.855503 0.00010597 7540.558 
2064.476869 0.000112725 5072.736 
1303.418523 0.000124882 3195.624 
 
l= 20mm 
ro= 0.3 g/cc 
        
          
t [mm] d [mm] F’ [N] F’’[N] E’ [MPa] tand E^(1/3)/r E^1/3* tand /r 
d ext 
[mm] 
error 
E 
error 
tand 
0.162 2 3089.96 0.299506 2675.983857 6.9932E-06 46.03067124 0.004461696 2.324 10% 6% 
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0.101 2.6 2314.06 0.26674 2004.034746 2.63051E-05 41.51791168 0.004785739 2.802 12% 9% 
0.0682 3 1712.68 0.271467 1483.224389 7.07266E-05 37.40493794 0.00592884 3.1364 14% 43% 
0.0267 3.6 976.103 0.199622 845.3299947 0.000118116 30.7992969 0.006298738 3.6534 15% 51% 
 
Theoretical E 
[MPa]  Theoreticaltand 
Theoretical 
E/r 
2980.349013 0.00010272 9881.433 
2289.388146 0.000105985 7539.106 
1728.608312 0.000110554 5669.654 
990.5790421 0.000135633 3226.67 
 
Optimal 
l= 40mm 
 
t 
[mm] 
d 
[mm] F’ [N] F’’[N] E’ [MPa] tand r [g/cc] E^(1/3)/r 
E^1/3* tand 
/r 
d ext 
[mm] 
error 
E 
error 
tand 
0.1 2 1024.7 0.104103 443.708 0.000101594 0.0528 144.455 0.014675685 2.2 1% 7% 
 
Theoretical E 
[MPa]  Theoretical tand 
Theoretical 
E/r 
449.9529163 1.09E-04 8521.836 
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Anova table 
Anova table for the regression function of the point 5.1 
Regression Statistics 
Multiple R 0.996521 
R Square 0.993055 
Adjusted R 
Square 0.992186 
Standard Error 0.109877 
Observations 19 
 
ANOVA 
       df SS MS F Significance F 
Regression 2 27.61882 13.80941 1143.84 5.41E-18 
Residual 16 0.193166 0.012073 
  Total 18 27.81199       
 
  Coefficients 
Standard 
Error t Stat P-value 
Intercept -8.89732 0.054818 -162.307 3.62E-27 
X Variable 1 -8.3E-16 5.07E-17 -16.4522 1.9E-11 
X Variable 2 5.42E-20 4.42E-21 12.2704 1.49E-09 
 
Anova table for the regression function of the point 5.2 
SUMMARY OUTPUT 
  Regression Statistics 
Multiple R 0.993293 
R Square 0.986631 
Adjusted R 
Square 0.983957 
Standard Error 0.036977 
Observations 19 
 
ANOVA 
     
  df SS MS F 
Significance 
F 
Regression 3 1.513581 0.504527 369.0028 2.84E-14 
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Residual 15 0.020509 0.001367 
  Total 18 1.53409       
 
  Coefficients 
Standard 
Error t Stat P-value 
Intercept -8.66067 0.196777 -44.0126 2.82E-17 
X Variable 1 0.000215 9.32E-05 2.311873 0.035402 
X Variable 2 -5.5E-08 1.36E-08 -4.08662 0.000972 
X Variable 3 2.79E-12 6.15E-13 4.534492 0.000395 
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Matlab Functions 
The function used to calculate the optimal geometry without considering the damping of the metal has 
the following code: 
 
function [lo,do,to,thetao]=max 
 
density=@(l,d,t,theta)(pi*(1.04*(d/10)^2+4*8.9*(t/10)*((t+d)/10))/(2*(l/10)^2*(cos(theta*pi/180))^2**
sin(pi*theta/180))); 
E=@(l,d,t,theta)(((d/(d+2*t))^2*1.69677+(1-
(d/(d+2*t))^2)*210000)*pi*(d+2*t)^2*(sin(theta*pi/180))^3/(2*l^2*(cos(theta*pi/180))^2)); 
tand=@(l,d,t,theta)(exp(−8.89732-8.3E-16*(E(l,d,t,theta)/density(l,d,t,theta))^4-5.42E-
20*(E(l,d,t,theta)/density(l,d,t,theta))^5)); 
fun=@(l,d,t,theta)(tand(d,t)*(E(l,d,t,theta))/density(l,d,t,theta)); 
 
n=100; 
valo=0; 
lo=20; 
do=2; 
to=0.1; 
theta=60; 
thetao=60; 
 
for l=linspace(20,40,n) 
for d=linspace(2,l/5,n) 
for t=linspace(0.1,1,n) 
  val=fun(l,d,t,theta); 
   ifval>valo 
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    valo=val; 
    to=t; 
    lo=l; 
    do=d; 
   else 
   end 
end 
end 
end 
end 
 
The function used to calculate the optimal geometry considering the damping of the metal has the 
following code: 
function [lo,do,to,thetao]=max 
 
density=@(l,d,t,theta)(pi*(1.04*(d/10)^2+4*8.9*(t/10)*((t+d)/10))/(2*(l/10)^2*(cos(theta*pi/180))^2*si
n(pi*theta/180))); 
E=@(l,d,t,theta)(((d/(d+2*t))^2*1.69677+(1-
(d/(d+2*t))^2)*210000)*pi*(d+2*t)^2*(sin(theta*pi/180))^3/(2*l^2*(cos(theta*pi/180))^2)); 
tand=@(l,d,t,theta)(exp(-
8.66066774369395+0.000215406872595647*(E(l,d,t,theta)/density(l,d,t,theta))-5.5378367238715E-
08*(E(l,d,t,theta)/density(l,d,t,theta))^2+2.78946467449319E-12*(E(l,d,t,theta)/density(l,d,t,theta))^3)); 
fun=@(l,d,t,theta)(tand(d,t)*(E(l,d,t,theta))/density(l,d,t,theta)); 
n=100; 
valo=0; 
lo=20; 
do=2; 
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to=0.1; 
theta=60; 
thetao=60; 
 
for l=linspace(20,40,n) 
for d=linspace(2,l/5,n) 
for t=linspace(0.1,1,n) 
  val=fun(l,d,t,theta); 
   ifval>valo 
    valo=val; 
    to=t; 
    lo=l; 
    do=d; 
   else 
   end 
end 
end 
end 
end 
